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We shall consider here a method for the construction of some non-similar-
ity solutions of the equation of plane isothermal unsteady motion of a
gas in a porous medium, based on the use of self-similar solutions for
the same equation [1,2].

1. It is known that the solutions of the form t*f(xt B), e**f(tef%)
and e“tf(xeﬁt), where a and 3 are constants satisfying certain relations,
exhaust all the self-similar solutions of the equation. To these prob-
lems correspond the following boundary and initial dependences for the
density p(x, t) at x = 0 and ¢t = 0 respectively:

p O, 1) = 3t* = 3e*, p, o) = ce™* (1.1

Using some particular gas motions, those with similarity solutions,
we can obtain a solution for cases in which the function p(0, t) of the
growth of the pressure at the zero section (x = 0) is a piecewise smooth
continuous function.

In addition, the following should also be pointed out. From one point
of view, the function p(0, t) of the solution may be taken to be "exact®
(the meaning of this concept will be clarified later); on the other hand,
an estimate of p(0, t) may be obtained from below or from above; in this
case we can use the theorem of Barenblatt and Vishik on the monotone de-
pendence of the solution of the differential equation of Boussinesq on
initial and boundary conditions [3 ]; this can be generalized without
difficulty to the larger general class of the differential equations
which appear in gas and liquid filtration in a porous medium.
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2. We will make use of some results of [2 ]. We limit ourselves to
plane flows of a gas with fixed temperature. The equation in this case
has the following form:

cdp | Ot = 022 | dx® (2.1)
The solution of Equation (2.1) for boundary and initial conditions

p(0, 1) =0at? (p=0), p(z, 0)=0 (x =0 (2.2)
has the form
p(x, t) = atP j (x5 V2o 1D /2) (2.3)
where f({) is determined by the following problem:

‘dfNt & opt o df p
aﬂ I T §gg~“5f*0

10 =1, § j (&) de < oo) (2.4)

Reference [ 2 ] presents a table of the function f(£, p) obtained as a
result of integrating (2.4) with the help of power series. Our analysis
of the function shows that for 3 > p > 0.5 all curves may be replaced
with great accuracy with broken lines

JE)=1—E/E for E<E&o. f(8) =0 for £>L (2.9)
where fo is the coordinate of the wave front, determined from the graph
£, = £(p) introduced in [2].

Thus, for 3 > p > 0.5 the function f(£) in (2.5) can be obtained with
sufficient accuracy for all practical purposes for the construction of the
solution of Equation (2.1).

We note that for the case p = 1 the solution 1 - &/&,, where o=V 2
is accurate in the exact sense.

It appears that the function f(£) (2.5) can be very simply worked out
for the solution for the case of the piecewise smooth function p(0, @),
constructed from sections of the following curves:

p(0, ty==0ytP for {; =120, pO, =0 (+1) for t=1 (2.6)

where t1, Ty Pys Pgy Oy and ¢y are constants connected (as we shall see
below) by some relations. For that, it is evident that 3 >p, 5 > 0.5.

The solution is obtained in the following form. For t = t; we have
Glllpl — Gy (tl +- T)pz (27)

At the time ¢t = ty the density distribution, corresponding to the case
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p(0, )= altpl, according to (2.5) has the following form:

X
o h) = et [1 T Lo () (sre Y ] @8

At the same value of time but for the condition
p2 (0, 1) = &y (t + T)P* (2.9)

the density distribution will be

= Pz — £
palx, i)y =0 (t; + ) {1 To (2] (o1 (10 1 TP } {2.10)

We require at that value of time a density distribution which satis-
fies both (2.8) and (2.10). Thus, taking into account (2.9), we obtain

§0 (Pl) cl/zt(l'}‘lh)/? — go (Pa) Gz‘/z (ll + r)(1+132)/2 (211)

For condition (2.9) and (2.11) superpusition of the values Oy Oy, T
and t; shows that Expressions (2.8) and (2.10) will obviously be "exact®
solutions (in the sense considered above) of the problems corresponding,
respectively, to the intervals t;> t>0 and ¢t >,

Ezample. Let p (0, t) = 0,t, p,(0, t) = 0,(t + r)%. In this case,
from the graph of {y(p) in [3 1, £ (1) = v 2 and £(2) = 1.1138. Thus,
from Formulas (2,9) and (2.11) we have

G2 VZolrty = 1.1138 0372 (8 + T)2

foed Gl_t;

(472"

From this r = 0.613 t1y 05 = 0.384 al/tl. Thus, for a piecewise smooth
continuous function of the density at x = 0 of the form

Gt {tiz=t=0)

-
p@.0) | 0.384 (o1 / 1) {0.643 11 4 1)2 (t =)

the solution has the following form:

2
(ot [1.“_2__15_}
VQG]I’I
Pl 1) =

e
0.384 SL (0.613 t; -+ 1)? [1 — dha , ]
l h 1.4438 (0.384 6,/ t1) /‘(‘0_613 t; - t) /e

3. In the preceding section we were able to obtain "exact" solutions
for non-similerity cases because the power exponent p corresponded to
the linear character of the density distribution in the x-variable.
Evidently less satisfactory results will be obtained for piecewise smooth
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continuous functions with exponent p smaller than 0.5. However, actual
density distributions, which do not require more exactness, with f < 60
can be approximated [4 ] with a straight line of the form 1 - £/£,, and,
as indicated above, the solution for piecewise smooth continuous func-
tions can be extended to all values of the exponent from zero to three.
However, it 1is next necessary to estimate "from below® and "from above"
the solutions obtained by the method presented. It is especially im-
portant in those cases where the profiles of the density distribution to
be studied have an essentially convex or concave form.

The idea of the estimate can be stated in the following way: suppose
that for a power law of growth of density at the x = 0 p(0, ¢t) =,01¢91
there is obtained at t = ¢; the demsity distribution

pr(x, )= ty™f (zcl“ll’c'/‘t" (1+px)/2) (3.1)

For t > t the law of density growth at x = 0 will be p(0, t) =
To(r + t)P2, To this law there corresponds for t = t; the following
density distribution:

P2 (@, 1) = 6a (T + 1) fy(wog™ V21 (v 4 1))~ UFPD/2) (3.2

where for no values of the parameters r, ¢, and 0, of the functions f;
and fz can the density distributions coincide.

Now consider two solutions p(l)(z, t), p(z’(x, t) of Equation (2.1),
where p{1 (z, t,)> p®)(x, t)) for t = ¢, and for t> ¢, pM(o, ) >
p o, o).

We choose the parameters which appear in the boundary conditions for
the solutions p(l) and p(Z). in such a manner that

Pu) (33. tl) = P12 (xx tl) = 9(2) (xr i), 9(1) (O* £) 991‘3 (0: I) = P(Z) (0’ t) (33)

Then, according to the theorem of Barenblatt and Vishik [3 ], the
following inequality must hold:

Wz, 1) 2p .0 1) =pP (@ 1) for t>n (3.4)

The choice of the maJorant'p(l) and the minorant p(z) depends on the
conditions of the problem.®*

It should be noted that in [3 ] an indication is given of the possi-

bility of using this theorem for estimating the solution of Equation
(2.1).
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Example. Let

p(0,8) =01t for 3>t>0, p(0, f)=0q, fOr =1 (3.5)
For t = ty the density distribution has the form
¢\ z .
p1(z, 1) = a1ty [1 — <2—5;> _t—l] (3.6)

For the same moment of time t the density distribution corresponding

to an instantaneous growth of density at the zero section [p = 0 ]l at a
(1)

time 7 up to the value 0y =0,t; will be
0a (z, t) = 5.225, {1— [1 —0.43758,] — % [1—0.43755. ) +.. .} (3.7)
e e (3.8)

In the figure the line labeled 1 and the curve 2 are contructed
according to Formulas (3.6) and (3.7), where the interval of time P (D
is chosen so that the equality condition at the gas front for both cases
is satisfied, that is

Eo (1) 012ty = &g (0) 022 (8 — TV )2 (3.9)

From here, with the substitution £, (1) =+ 2, £,(0) = 2.2857 and
g, =0,t;, we have r(l) = 0.617 ty.

In this case it is appropriate to choose (3."7) as majorant'p(l), that
is, p(l)(x, t) = pz(x, t), where ¢ > t; and for'p2 a function correspond-
ing to an instantaneous growth of the density at the zero section to a
certain value ko,(k < 1) for t = 1(2); it is necessary to choose kx and
r(2) in such a way that the whole curve 3 of the density distribution at
the moment ¢ = t; lies under the line 1 and the tangent to it (see
figure).

By graphical means it was found that x = 0,93, r(l) ~ 0,645 ¢
(1)

1*

Thus, p and p(2) must have the following form:

o =5.2201t; {5 [1 — 0.4375 V] — L1 —0.43758 Ve, )
£ = g (oyt)) e [t — 0.6178,) 2
o® = 4855101 {5 [1 — 0.43755®)] — g [t — 04375,V +. ..}
£ — 2(0.930,01) " /2c2 [t —0.645¢,] 2

and condition (3.4) for the function p,(x, t) for t > t; will be satis-
fied.
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The area of the strip contained between 2 and 3 in the figure is
roughly 15 per cent of the area lying below curve 2.

From this it follows that Q(l)/Q(Z) = 1,15, where Q(l) and Q(Z) are
volumes of fluid entering the porous medium at the time t = t; corre-
sponding to p(l) and p(2). There-
fore, when calculating the volume
of the fluid in any case, the
bounded variant in the error must
not be greater than 15 per cent.
From this it follows that the re-
lative error is of order 7 to 8

per cent.
5/17
4

We observe that

QW Q) =11 for t oo

In a completely analogous manner problems can also be solved for the
more common case
t t'>t>0
p(O,t}:‘Gl . t'=2t>0)
Vsa(t+ 1) (t> b, p:>0)
We do not carry out the calculation in detail here. We observe only
that py = 0.25, Q(l)/Q(z) =~ 1.08 for t = t;, that is, the error recti-
linearly approximated will be of the order of 4 per cent.

4, It is known that the similarity solution of Equation (2.1)

_D(It, t): pOeUI/ I‘*:__I———:_ (41)
]/rc‘lpos-ler‘

which corresponds to the exponential law of growth p(0, t) = p, exp(o t)
at x=0[4 ], can be approximated by the straight line

O =1—35/%

Evidently it is possible on the basis of this to obtain the solution
for the case in which p(0, t) is a piecewise smooth function consisting
of an exponential and power dependency.

Let the density at x= 0, 0< t < t, vary according to a power law;
for t > t; the density behaves like the exponential p(0, t) = Py exp (0 t).

We consider the solutions p(l) and p(2) corresponding to the follow-
ing law of growth of the density at z = O:
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eM00,0) = poe®6®(0,1) = xpee™ (<)

We choose « so that the density distribution at the end of the first
stage is contained in a strip of the distribution p(l)(z. t,) and
p 2y, t,); thus, according to [3 ], relations (3.3) are satisfied.
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